The necessary conditions for the existence of a balanced incomplete block design on v points, with index λ and block size k, are that:
Introduction
In this article, we are concerned with the existence of (v, 9, λ) balanced incomplete block designs (BIBDs). .
There are no known non-existence results for any (v, 9, λ) BIBD. The status of the case λ = 1 was summarized in [2] , where we studied the cases λ = 2, 4, and 8. The cases λ = 3, 6 and 12 were studied in [3] , and the case λ = 9 was studied in [5] , where examples were constructed for all v ≡ 1 (mod 8) except v = 553, mostly by "filling in the hole" of a near resolvable (v, 8, 7) BIBD. For v = 553, one can take three copies of the (553, 9, 3) BIBD given in [3] .
We now summarize our results from [2, 3] . The outline of this article is that we briefly give a number of general constructions in Section 2; in Section 3, we summarize the relevant published existence results on transversal designs, and establish that T D 9 (10, n) exist, except possibly for n = 35. Several of our theorems were given in [2, 3] , so we state these without proof here.
In the next five sections we accomplish the basic objective of this article, which is to establish that the necessary conditions are sufficient when λ = 18, 24, 36, 72 and all values of λ not dividing 72.
Finally, in Section 9, we summarize the open cases for (v, 9, λ) BIBDs.
Basic Constructions
The terminology and notation we will use is quite standard; e.g., see [6] . 
break the blocks using a (v, k, λ) BIBD, (which exists as the residual of the original symmetric design), to obtain the required BIBD.
In view of the previous lemma, it is worth reviewing which (v, 9, λ) BIBDs exist as residuals. Perhaps surprisingly, these exist whenever λ is a divisor of 72. The symmetric designs on the right are complements of those on the left. In this article, we are dealing with some BIBDs for which λ is large enough to enable the "J-construction" found by Mullin and Stanton [13] to be used. This construction was also given in [10, Lemma 4.6] and is given in the next lemma.
Lemma 2.7 Let
Proof: We augment all the blocks of the first design with a new point, {∞}, then adjoin the blocks of the second design formed on the finite points, to obtain the required BIBD. Note that the replication number for the final design is rv/k = λ(v − 1)v/(k − 1)k, the number of blocks in the first design. (85, 8, 6) and (85, 9, 66). These ingredient designs are either given in [1] or [3] , or are multiples of designs given there. 
Theorem 2.10
Let v be an odd prime power. 
Grouplet Divisible Designs
Grouplet divisible designs were discussed in more detail in [1] . Here we begin by giving a definition of a gDD. We now consider the use of gDDs as master designs in WFC. This will create designs that are some sort of hybrid between gDDs and GDDs. Since we are going to fill these inflated grouplets to get the designs of interest, as in [3] , we present our construction in a combined theorem. Proof: For (66, 9, 24) and (132,9,24) BIBDs, note that a (33, 9, 3) BIBD can be formed by residualizing a symmetric (v = b) BIBD; hence it can be constructed so as to contain a λ-resolution set. For a (114, 9, 24) BIBD, note that a (57, 9, 3) BIBD with a 3-resolution set is given in [3] . A base block in a (v, 9, 9) BIBD difference family over a group of order v generates a 9-resolution set. Some required difference families of this form (for v = 17, 25, 49 and 73) are given by Corollary 2.11.a. For (52, 9, 24) and (106, 9, 24) BIBDs, the grouplets obtained from the master BIBD have size k − 1 = 8, and are obtained as indicated in Remark 2.14 by deleting a point from an (18, 9, 8) 
Theorem 2.15 Suppose there exists a
(k, λ) gDD(k 1 ) on v points, a T D µ (k, m),
Transversal Designs
An important element in our constructions is a truncated T D λ (10, n); for λ = 1, there are tables showing whether a T D(10, n) is known for all values of n of potential interest [4] . However, there is no such table for λ > 1, although [8] and [9] do give some information. (The situation for block size 9 is quite different, and summarized in Theorem 3.1 [3, 7] .) 
In [3] we established an existence result for T D 3 (10, n). 
BIBDs with block size 9 and index 18
Our object in this section is to construct (v, 9, 18) BIBDs. The necessary conditions reduce to v ≡ 1 (mod 4) and v ≥ 9. We begin with a couple of direct constructions. We now look at the smaller designs. 
BIBDs with block size 9 and index 24
Our object in this section is to construct (v, 9, 24) BIBDs. The necessary conditions reduce to v ≡ 1 (mod 3) and v ≥ 9. We begin with some direct constructions.
Example 5.1
The following blocks generate a (48, 9, 24) BIBD when developed over Z 47 ∪ {∞}.
( 1, 13, 20, 16, 6, 2, 4, 28, ∞) , (1, 13, 22, 35, 19, 9 , 44, 2, ∞) , (1, 29, 20, 42, 38, 5, 21, 25, ∞) , (1, 3, 8, 14, 18, 7, 21, 45, 15) , (1, 25, 20, 31, 36, 34, 40, 15, 23) , (1, 15, 22, 28, 11, 10, 16, 19, 17 We now look at the smaller designs. For 60, delete a point from a (61, 10, 3) BIBD [12] , then break the blocks using (k, 9, 8) BIBDs for k ∈ {9, 10} in Theorem 2.3. For 76, a (76, 19, 6) BIBD exists (it is the residual of a (101, 25, 6) BIBD which is given by a difference set of the 25th roots in Z 101 ). Break the blocks of this BIBD using a (19, 9, 4) BIBD in Theorem 2.3. For 130, a T D(10, 13) exists, so we can use a (10, 9, 24) BIBD to break the blocks of the TD, then we can use a (13, 9, 24) BIBD to fill the groups. Similarly for 192, a T D (12, 16) exists, so we can use a (12, 9, 24) BIBD to break the blocks of the TD, then we can use a (16, 9, 24) BIBD to fill the groups. For 120, since a T D (13, 13) exists, we can spike one block of a T D (9, 13) to get a ({9, 10, 12 * }, 1) GDD of type 13 9 1 3 so we can use (k, 9, 24) BIBDs for k ∈ {9, 10, 12} to break the blocks of the TD, then we can use a (13, 9, 24) BIBD to fill the groups. Similarly, for 196, a T D(16, 16) exists; we can spike one block of a T D (12, 16 ) to obtain a ({12, 13, 16 * }, 1) GDD of type 16 12 1 4 , so we can use (k, 9, 24) BIBDs for k ∈ {12, 13, 16} to break the blocks of the TD, then we can use a (16, 9, 24) BIBD to fill the groups.
Finally, for v = 138 we may take a T D 3 (10, 7) and give three points in one group a weight of 1 and all other points a weight of 2 in WFC (Theorem 2.1). Since (9, 8) GDDs of types 2 10 and 2 9 1 1 exist (Theorem 2.2) this gives a (9, 24) GDD of type 14 9 11
1 . Now use an extra point to fill the groups.
The following is a fairly simple consequence of Theorem 3.2. 
BIBDs with block size 9 and index 36
Our object in this section is to construct (v, 9, 36) BIBDs. The necessary conditions reduce to v ≡ 1 (mod 2) and v ≥ 9. We begin with a couple of direct constructions. 
((0, 0), (1, 0), (2, 1), (2, 16), (2, 24) , (2, 7), (2, 25) , (2, 23) , (2, 20) ) , ((0, 0), (0, 2), (0, 10), (1, 13) , (1, 14) , (2, 13) , (2, 14) , (4, 13) , (4, 14) ) , ((0, 0), (0, 19), (0, 27), (3, 10) , (3, 17) , (5, 10) , (5, 17) , (6, 10) , (6, 17) ) , ((0, 0), (1, 25) , (2, 12) , (2, 13) , (3, 22) , (4, 24) , (5, 4) , (5, 8) , (5, 16) ) , ((0, 0), (2, 5) , (2, 17) , (3, 24) , (4, 25) , (4, 27) , (4, 28) , (6, 4) , (6, 13) ) , ((0, 0), (1, 8) , (1, 12) , (2, 12) , (2, 23) , (3, 6) , (4, 25) , (5, 20) , (6, 18) ) , ((0, 0), (0, 7), (0, 16), (1, 6) , (1, 21) , (1, 24) , (2, 10) , (4, 9) , (6, 22) ) .
We now look at the smaller designs. (11, 13) exists, so we can use a (11, 9, 36) BIBD to break the blocks of the TD, then we can use a (13, 9, 36) BIBD to fill the groups.
The following is a simple consequence of Theorem 3.4. Proof: If v ≡ 1 (mod 2) and v ≥ 9, then a (v, 9, 36) BIBD exists by Theorem 4.6; take two copies of this design.
If v ≡ 0, 1 (mod 3) and v ≥ 9, then a (v, 9, 24) BIBD exists by Theorem 5.14; take three copies of this design.
So now we must deal with v ≡ 2 (mod 6 v ≥ 9 then a (v, {9, 10, 11, . . . , 107}, 1) PBD exists.
Lemma 7.4 If
Proof: See Ling and Colbourn [11] . 
BIBDs with block size 9 and other indices
Fix v and let λ v be the smallest λ satisfying the integrality conditions for the existence of a (v, 9, λ) BIBD. Now λ v will be a divisor of 72, and all the divisors of 72 have been examined. If a (v, 9, λ v ) BIBD is known, then a (v, 9, tλ v ) BIBD can be constructed by taking t copies of the known (v, 9, λ v ) BIBD. However, if a (v, 9, λ v ) BIBD is not known, yet a (v, 9, 2λ v ) BIBD and a (v, 9, 3λ v ) BIBD are known, then a (v, 9, tλ v ) BIBD can be constructed for any t > 1. To do this we take one copy of the (v, 9, 3λ v ) BIBD if t is odd, and none if t is even, then make up the remainder of the index using the appropriate number of copies of the (v, 9, 2λ v ) BIBD. So our only possible new problems for missing (v, 9, λ) BIBDs will occur if we do not have both a (v, 9, 2λ v ) BIBD and a (v, 9, 3λ v ) BIBD. Note that the only values of λ v (dividing 72) for which we have exceptions are 1, 2, 3, 4, 6. From this, we see by examining our exception lists that the only value of v occurring in two lists is v = 505. Here we are missing designs for λ = 1 and 2, but have designs for λ = 3 and 4. These latter designs can be combined to yield a (505, 9, λ) BIBD for any index except λ = 5. (1, 4) , (1, 13) , (1, 19) , (2, 19) ) , ((0, 0), (0, 2), (0, 6), (0, 19), (1, 14) , (1, 19) , (2, 1), (2, 2), (2, 11), (2, 16)) , ((0, 0), (0, 9), (0, 12), (0, 19), (0, 20), (1, 2) , (1, 5) , (1, 6) , (1, 8) , (2, 5) 
Summary
We now summarize our knowledge of the existence problem for (v, 9, λ) BIBDs.
There are no known definite exceptions to the necessary conditions given in Theorem 1.1. These conditions are sufficient with the possible exception of 106 parameter sets, consisting of 91 values with λ = 1, and the 15 sets listed in Theorem 1.2 when λ > 1. We list these exceptions in Tables 2 and 3 . Table 3 : Unconstructed (v, 9, λ) BIBDs with λ > 1 (177,9,3) (189,9,2) (213,9,6) (253,9,2) (315,9,4) (345,9,3) (385,9,3) (459,9,4) (505,9,2) (765,9,2) (783,9,4) (837,9,2) (1197,9,2) (1837,9,2) (1845, 9, 2) 
